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Abstract 
Consider the subset graph G(n, k) whose vertex set C(n, k) is the set of all n-tuples of ‘O’s’ and ‘l’s’ with 
exactly k ‘I’s’. Let an edge exist between two vertices a and b in G(n,k) if and only if a can be 
transformed into b by the interchange of two adjacent coordinate values, with the first and last 
coordinates considered adjacent. This paper shows that a Hamiltonian circuit exists in G(n, k) if and 
only if neither n and k are both even, nor k = 2 or n - 2 for n > 7. It is also shows that a Hamiltonian 
path exists in G(n, k) if and only if n and k are not both even. Such Hamiltonian paths and circuits are 
called ‘Gray codes’ of C(n, k). 
1. Introduction 
Let G(n,k) be the graph whose vertex set is the set of all binary n-tuples with 
exactly k l’s and for which an edge exists between two such vertices if and only if 
one vertex can be transformed into the other by the interchange of two adjacent 
coordinate values (with the first and last coordinates considered adjacent). Joichi 
and White stated in [i] that a Hamiltonian circuit does not exist in G(n, k) if 
either n and k are both even or, for n>7, either k = 2 or n-2. They also proved 
that a Hamiltonian circuit does exist in G(n, k) if k= 3 or 5 or if k=4 and n is 
not even. 
Here, a proof will be given that a Hamiltonian circuit exists in G(n,k) if and 
only if neither n and k are both even, nor k = 2 or n-2 for n > 7. A proof will 
also be given that a Hamiltonian path exists in G(n, k) if and only if n and k are not 
both even. 
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2. Conditions on n and 
circuits in G(n, k) 
k precluding a Hamiltonian paths and precluding Hamiltonian 
The same technique of proof as used in [l] can be used to give the more general 
result that a Hamiltonian path in G(n,k) does not exist when n and k are both even. 
This result is given in Lemma 1. The statement of Lemma 2 appears in [l]. 
Lemma 1. The graph G(n, k) where n and k are both even has no Hamiltonian path. In 
particular, let L denote any nonrepeating list of all the vertices qf G(n, k) where n and 
k are even, N the number of vertices of G(n, k), and C the total number of times adjacent 
interchanges need to be used to transform each element of L into its successor, ,from the 
beginning of L to its end. Then a lower bound W qf C-N is given by: 
w= 
Lemma 2. The graphs G(n, 2) and G(n,n-2) have no Hamiltonian circuit. 
3. Necessary and sufficient conditions for a Hamiltonian circuit to exist in G(n, k) 
Now the main theorem of this paper may be stated. 
Theorem 1. A Hamiltonian circuit Q(n, k) exists for G(n, k) if and only if neither qf the 
,following conditions hold. 
(a) Both n and k are even. 
(b) n>7 and k=2 or n-2. 
Proof of Theorem 1. Lemmas 1 and 2 prove that if either of the above two conditions 
hold for G(n, k), a Hamiltonian circuit does not exist. If n = 5, the converse is confirmed 
by the two circuits in Fig. 1. 
If n>7, the proof of the converse is by construction using an inductive process 
on n and k where either n is even and k is odd or n is odd and k is even, noting 
that any case where n and k are both odd is isomorphic to one where n is odd 
and k is even, i.e. G(n, k) is isomorphic to G(n, n - k). First, it will be shown how to 
construct Hamiltonian circuits satisfying a certain list of properties, called Property C, 
for every graph of the form G(n, 1) and G(n, n - 1) for any n and G(n, 4) and G(n, n -4) 
when n>7 is odd. Then, assuming that Hamiltonian circuits satisfying Property 
C have been constructed for G(n-2, k) and G(n -2, k-2), it will be shown how 
a Hamiltonian circuit satisfying Property C can be constructed for G(n, k). The 
construction of a Hamiltonian circuit for G(n, k) will then come from recursive 
calls for each G(w, p) to G(w - 2, p - 2) and G(w - 2, p), beginning with w = n and p = k. 
until either p= 1 or w - 1 for n even and k odd, or p =4 or ~-4 for n odd and 
k even. 
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Q(5> 2) PC59 3) 
11000 00101 11100 01011 
10100 00011 11010 00111 
01100 10010 11001 10110 
01010 10001 10101 01110 
00110 01001 10011 01101 
Fig. 1 
The properties to be satisfied by the Hamiltonian circuits to be constructed are 
given in the following list, referred to as Property C. 
(i) Each vertex of the form 0 ... 0 is consecutive with another such. 
(ii) Each vertex of the form 1 ... 1 is consecutive with another such. 
(iii) Each vertex of the form 0 ... 1 is consecutive with either another such or 
a vertex of the form 1 ... 0 (or both). 0 
The following two lemmas will be used for the general inductive process and to 
construct Hamiltonian circuits in G(n,4) and G(n, n-4) where n ~4 is odd. 
Lemma 3. Let Q be a simple circuit in G(n, k) which satisfies (i) and (iii) of Property C. 
Then there is a simple circuit Q’ in G(n + 2, k + 2) which satisfies Property C. Further- 
more, 
OXOEQ e 0x011,0x101,0x1 10~Q’, 
0yl~Q o Oylll,lyllO, lylOl~Q’, 
IzOEQ o lzOll~Q’, 
1wl~Q o 1wlll~Q’ 
Lemma 4. Let Q be a simple circuit in G(n, k) which satisfies (ii) and (iii) of Property C. 
Then there is a simple circuit Q” in G(n + 2, k) which satisfies Property C. Furthermore, 
1x1 EQ o 1x100,1x010, lxOOl~Q”, 
0yl~Q o Oy100,OyO10,OyOO1~Q”, 
lz0~Q c> ~zOOOEQ”, 
OWOEQ o OWOOOEQ”. 
Proof of Lemma 3. Let Q be a simple circuit in G(n, k) which satisfies (i) and (iii) of 
Property C. Let Qr denote the list of vertices representing Q with two ones appended 
to each vertex. Condition (i) of Property C allows a partition of the vertices of Q of the 
form 0x0 such that each set of the partition contains exactly two or three vertices 
consecutive in Q. This leads to a corresponding partition PI of the vertices of the form 
0x011 in Qr. For 1 <i< 12 let the ith list in Fig. 2 be referred to as insert i. Let each 
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1. OxOll 
iTlO1 
0x110 
OJ‘I 10 
OylOl 
OyOll - 
5. 0x111 - 
1x110 
lx101 
1x011 - 
9. 0x100 
GO 
0x00 I 
OyOOl 
OyOlO 
OplOO - 
pair of consecutive vertices {0~011,0y011) in PI be replaced in Qr by insert 1 with 
0x011 and 0~011 remaining in the same relative order. The underlined coordinates in 
the vertices of the insert indicate those vertices of Q from which the corresponding 
vertices of Qr have been constructed. Let each triple {OxO11,OyOl1,OzOl1) in PI be 
replaced by insert 2, again keeping the first and last vertices in the same relative order. 
Consider the set S1 of all vertices of Q1 which are either of the form 0x111, or of the 
form 1~011 and consecutive to a vertex of the form 0x111. By condition (iii) of 
Property C on Q, one may construct a partition P, of the vertices of Sr into sets of two 
or three consecutive vertices. One then replaces these pairs or triples of vertices in 
Qr with inserts 3 or 4 respectively if the vertices are all of the form 0x111, or inserts 
5 or 6 respectively if the partition set contains a vertex of the form 1~011, again 
keeping the vertex pairs and triples coming from the partitions in the same relative 
order. 
2. OxOIl 3. Oxlll - - 
OyOll 1x110 - 
OylOl lx101 
0x101 oy101 
/ 0x110 / 1yllO 
OyllO 
OzllO 
OilOl 
0201 I - 
6. 0x111 7. 1x100 - 
Oyl 1 I Gil0 
lJ110 l.YOO1 
1x110 lyOO1 
1x101 lyO10 
IylOl IylOO - 
13’03 1 - 
IO. 0x100 11. 01100 - 
OylOO GO10 - 
OyOlO 0x001 
0.x010 lx000 - 
0x001 
oyoo 1 
0z001 
ozo10 
OZIOO - 
Fig. 2 
4. 0.u1l1 - 
Oylll - 
11’110 
Ix1 10 
1.u101 
lylO1 
1:lOl 
1zllO 
0:lll - 
8. IXIOO - 
lylO0 - 
lyOl0 
lx010 
lx001 
14’001 
1ZOOl 
12010 
I-_100 - 
12. 0x100 
byloo 
OyOlO 
OXOIO 
OXOOl 
oyoo 1 
1 yooo - 
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When all of the above replacements by the inserts have been completed, the 
resulting list represents the circuit Q’ in G(n + 2, k + 2). An examination of the inserts 
shows that Q’ satisfies Property C (letting the vertical lines in Fig. 2 indicate the new 
partition sets) and that OXOEQ if and only if OxOl1,0x101,0x110~Q’;Oyl~Q if and 
onlyifOyl11,lyl10,lylOl~Q’;lzO~Qifandonlyif 1zOll~Q’;and 1wl~Qifand only 
if 1wlll~Q’. 
To show that Q’ is a circuit, note first that all of the vertices in the inserts differ 
from consecutive members of the same inserts by exactly one adjacent interchange. 
The vertices which begin or end an insert or are not in an insert are all of the 
form all. If all and bll are consecutive in Q’ then a and b are consecutive in 
Q and differ by one adjacent interchange. This interchange cannot be an inter- 
change of the first and last coordinates because then a and b would be in the 
same partition set of PZ and so in the same insert 5 or 6. Therefore a 
can be transformed into b by another adjacent interchange and so all differs 
from bll by only this adjacent interchange in G(n +2, k+2) and so Q’ is a 
circuit. Cl 
Proof of Lemma 4. The construction of Q” of Lemma 4 is done in a manner similar 
to that of the construction of Q’ in Lemma 3. Let Q be a circuit in G(n, k) satisfying 
(ii) and (iii) of Property C. Let Qr denote the list of vertices representing Q with 
two zeros appended to each vertex. Condition (ii) of Property C allows a partition 
PI of the vertices of the form 1x100 in Qr such that each set of the partition 
contains exactly two or three vertices consecutive in Qr. Let each pair of con- 
secutive vertices (1x100, lylOO} in P, be replaced in Q1 by insert 7 with 1x100 
and 1ylOO remaining in the same relative order. Let each triple { 1~100,1y100,1z100} 
in PI be replaced by insert 8, keeping the first and last vertices in the same relative 
order. 
Consider the set SZ of all vertices of Q1 which are either of the form 0x100, or of the 
form 1~000 and consecutive to a vertex of the form 0x100. By condition (iii) of 
Property C on Q, one may construct a partition P, of the vertices of SZ into sets of two 
or three consecutive vertices. One then replaces these pairs or triples of vertices in 
Q1 with inserts 9 or 10 respectively if the vertices are all of the form 0x100, or inserts 11 
or 12 respectively if the partition set contains a vertex of the form 1~000, again keeping 
the vertices from the partitions in the same relative order. 
When all of the above replacements by the inserts have been completed, the 
resulting list represents the circuit Q” in G(n +2, k). The proof that Q” is a circuit 
which satisfies the properties in Theorem 4 is similar to that for Q’ in Theorem 3. Cl 
Lemmas 5 and 6 give the base cases of the induction in the proof of Theorem 1. 
Lemma 5. There exist Hamiltonian circuits satisfying Property C for any G(n, 1) or 
G(n,n- 1). 
Proof of Lemma 5. A Hamiltonian circuit L is constructed for G(n, 1) by letting the 
ith vertex in L have a ‘1’ for the ith coordinate. A Hamiltonian circuit L is constructed 
for G(n, n - 1) by .letting the ith vertex in L have a ‘0’ for the (n - i)th coordinate. Note 
that these circuits satisfy Property C. 0 
Lemma 6. There exist Hamiltonian circuits .f;)r G(n, 4) and G(n, n -4) satisfying Prop- 
erty C when n > 5 is odd. 
Proof of Lemma 6. The proof of Lemma 6 is by induction on II, noting that by 
Lemma 5 a Hamiltonian circuit satisfying Property C on G(5,4) exists and showing 
that if a Hamiltonian circuit satisfying Property C on G(n,4) exists for n odd, then 
a Hamiltonian circuit satisfying Property C on G(n + 2,4) exists. Let Si,i+ 1 (n) denote 
those vertices of G(n,2) in which the two I’s are separated by exactly i or i+ 1 
coordinate positions, with the first and last positions considered adjacent. Because 
one wants to list each vertex of G(n,2) once and only once and because 
Si, i+ 1 (n) = Sj,j+ 1 (PI), where .i= n - 3 -i, one must select only one such list SW,W+ 1(n), 
say the one where u’ is the smaller of i and j. In this case, i < ,j= n- 3 -i and so 
i <(n - 3)/2. Therefore the last such Si, i+ 1(n) which may be constructed is the one with 
the largest i which is even and which satisfies i<(n-3)/2. Note that, when L a j 
denotes the largest integer less than or equal to a, the largest even integer less than or 
equal to an integer h is equal to 2L h/2 1. Then the largest value assumed by i is 
k = 2L (n - 3)/4 J. Therefore, for n odd, the vertices of G(n, 2) may be partitioned into 
the vertices of So, l(n),Sz,3(n) ,..., Sk,k+l (n) where k=2L (n-3)/4 1. Each Si,i+l(n) has 
a Hamiltonian circuit Qi,i+ l(n) which is begun with the vertex l(i zeros)1 ... 0 
followed by l((i+ 1) zeros)1 ...O and Ol(i zeros)1 ... 0 and continues this pattern of 
shifting the two l’s alternately to the right (and back to the first position after they 
reach the last position) until all vertices of Si,i+ 1(n) have been constructed. Noting 
that Qi,i+ l(n) satisfies the conditions of Q in Lemma 3, one can construct 
Q’ = Qj, i + 1 (n + 2) satisfying Property C in G(n + 2,4) and containing the vertices noted 
in Lemma 3. By the inductive hypothesis, G (n, 4) has a Hamiltonian circuit satisfying 
Property C and so by Lemma 4 there exists a circuit Q”=Q”(n + 2,4) satisfying 
Property C and containing the vertices noted in Lemma 4. 
Next, consecutive vertices a and h in Q”(n +2,4) will be found so that they are 
adjacent to consecutive vertices u’ and h’ respectively in Qi,i+ l(n+2) for each 
0 < i < 2L (n - 3)/4 J and these circuits will all be joined to form a Hamiltonian circuit 
Q(n +2,4) of G(n +2,4) as illustrated in Fig. 3 in general and by Fig. 4 for n = 5 in 
particular. 
First consider the joining of Qb, 1 (n + 2) to Q”(n + 2,4). As in the proof of Lemma 4, 
partition the vertices of G(n, 4) for expansion into those of Q”(n + 2,4). Pick some 
vertex of the form OH’S I, which is not in the middle of a triple of one of the partition 
sets, from the Qb, 1 (n) portion of Q(n, 4). Then, through inserts 9 or 10, the vertex 0~11 
will give rise to the consecutive pair of vertices a=OwlOlO and b=OwlOOl in 
Q”(n+2,4). This is shown in Figs. 5(a) and 5(b) for n= 7. 
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Q”(n+2,4) 
Q(594) Qo.1(5) 
1 11110 11000 
11101 10100 
11011 01100 
10111 01010 
JO1111 00110 
00101 
00011 
10010 
10001 
01001 
Q”(7,4) Qb. 1(7) 
1101100 
1101010 
1110010 
1110001 
1101001 
1011001 
1011010 
1011100 
0111100 
0111010 a 
0111001 h 
1111000 
1110100 
Fig. 3. 
1100011 
101001 I
0110011 
0101011 
0101101 
0110101 h’ 
0110110 a’ 
0101110 
0011110 
0011101 
0011011 
0010111 
000111l 
1001110 
1010110 
1010101 
1001101 
100101 I
1000111 
0100111 
1100110 
1100101 
Fig. 4. 
0111001 h 
1111000 
1110100 
1101100 
1101010 
1110010 
1110001 
1101001 
1011001 
1011010 
1011100 
0111100 
0111010 a 
Q(7,4) 
01l0110 a’ 
0101110 
0011110 
0011101 
0011011 
0010111 
0001111 
1001110 
10101 IO 
1010101 
1001101 
1001011 
1000111 
0100111 
1100110 
1100101 
1100011 
1010011 
0110011 
0101011 
0101101 
0110101 b 
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Note that when the previously mentioned listing of the vertices of S,,, 1 (n) begins 
with 11 ... 0 and 101 . ..O. then it ends with the sequence 
{0~.~010,0~~‘~ llO,O... 101,0~~.011,1..~010,1 ~~~001,01...001} 
and therefore all the vertices between of the form 0 ... 00 in Qo, I(n) appear 
consecutively. Therefore, for n37, the appropriate vertices of Q,,. I(n) can be 
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Qb. I(7) in Q(7,4) 
0110110 
0101110 
0011110 
0011101 
0011011 Owl1 
0010111 
0001111 
1001110 
1010110 
1010101 
1001101 
I 
1001011 
100011I 
0100111 Oull 
1100110 
1100101 
1100011 
1010011 
0110011 
0101011 
0101101 
0110101 
(a) 
in Q”(9,4) 
001110100 
001110010 
001110001 
h=0w1001 001101001 
a=0w1010 001101010 
0w1100 001101100 
(b) 
in Qo. 1 (7) in Qb. 1(9) 
I 100000 001100011 
1010000 h’=0w0101 001100101 
0110000 u’=OwOl IO 001100110 
0101000 001010110 
0011000 owoo 00l01010l 
0010100 001010011 
0001100 
0001010 (d) 
0000110 
0000101 
00000 11 
1000010 
1000001 
0100001 
(c) 
in Q”(9,4) in Q2.d7) 
010011100 1001000 
a=0ul010 010011010 1000100 
h=0u1001 010011001 0100100 ouoo 
110011000 0100010 
0010010 
0010001 
(e) 0001001 
(f) 
in Q;,3(9) 
01001001 I
010001011 
010001101 
h’=OuOlOl 010010101 
a’=OuOl10 010010110 
010001110 
001001110 
001001101 
00100101 I 
(g) 
Fig. 5. 
partitioned for expansion to Q& 1(n) so that 0~00 is not in the middle of a set of three 
elements in the partition. Then, through inserts 1 or 2, 0~00 will give rise to the 
consecutive pair of vertices a’ =OwOl 10 and b’ =OwOlOl in Q& r(n + 2). This is shown 
in Figs. S(c) and 5(d) for n = 7. Note that there are edges (a, a’) and (b, b’) and adding 
these edges while removing the edges (a, b) and (a’, b’) joins the circuits Q& 1 (n + 2) and 
Q”(n +2,4) together as a circuit. Note that Property C is preserved in the new 
Hamiltonian circuit for G(n + 2,4) because there is no breaking of the partitions of like 
vertices in Qb, I(n + 2) or Q”(n + 2,4). 
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Next, consider the joining of Q:, i+ 1 (n + 2) to Q”(n + 2,4) for i even, 1 < i < k. First 
one picks a vertex of the form 0~11 from the Qj,i+l(n) portion of Q(n,4) such 
that 0~11 is not in the middle of a partition triple. Note that such a 0~11 must 
exist because no 0 ... 11 appears isolated from another vertex of this form in the 
middle of an insert. This expands in Q”(n,4) through insert 9 to include 
the consecutive vertices a =OulOlO and h=OulOOl. This is shown in Figs. 5(a) 
and 5(e) for n=7. Next one picks the vertex 0~00 in Qi,i+ 1 (n). Note that all of the 
vertices of the form 0 ... 00 in Qi,i+l(n) lie in one of two blocks of consecutive 
vertices of this form which conclude with a sequence beginning with a vertex of the 
form 0 ... 100 followed by two of the form 0 . . . 010 and ended by a vertex of the form 
0.. . 1. The selection of the partition of vertices of the form 0 ... 0 in Qi,i+ l(n) may 
therefore be done so that the vertex 01400 either lies at the beginning of a partition 
pair or triple or the end of a partition pair or triple and therefore gives rise to the 
consecutive pair a’=OuOllO and h’=OuOlOl in Qi,i+l(n+2) through inserts 1 or 2. As 
before, the edges (a, a’) and (b, h’) exist in G(n +2,4) and allow the joining of 
Qf,i+l(n+2) to that of the union of Q”(n+2,4) with Qb,l(n+2),...,Qf_2,i~I(n+2) 
for 1 <i<k. 
If i = k and Q;,k + 1(n) was used as such in the construction of Q(n, 4), then one 
proceeds as in the previous case of 1 <i < k. Otherwise, there will be some vertex On1 1 
in the Qb_z,k_ 1 (n) section of Q(n, 4) where the two l’s in u are separated by k or k + 1 
zeros (when the k-2 or k - 1 zeros separating the ones in Qb_l,k_ 1 (n) are not 
contiguous as they are read from left to right) and which gives rise to the consecutive 
pair of vertices a =OulOlO and b =OulOOl in Q”(n + 2,4). As in the previous case, there 
will be a vertex On00 in Q;,k+ r(n) which gives rise to consecutive vertices a’=OuOl 10 
and b’=OuOlOl in Q;,k+l(n+2). Then the edges (a,~‘) and (b,h’) exist in G(n+2,4) 
and allow the joining of Sk,k+l (n+2) to the union of Q”(n+2,4) with 
Q& 1 (n + 2) . , Qb _ Z,k _ i (n + 2). The selections of such vertices is shown in parts a, e, f, 
and g of Fig 5 for the case of k = 2 and n = 7. This completes the construction of the 
Hamiltonian circuit Q(n + 2,4) for G(n + 2,4). To show that this construction includes 
every vertex of G(n + 2,4) once and only once, first note that each vertex u of G(n + 2,4) 
is either of the form 
(i) 0x011,0x101,0~110,0y111,1y110,1y101,12011,1w111 
or of the form 
(ii) 1x100,1x010,1x001,0y100,0y010,0y001,12000,0w000. 
If u is of the form (i), then it will have been constructed in the manner of Lemma 3 
as a vertex in some Qj,i+r(n+2) because each vertex xEG(n-2,2),yEG(n-2, l), 
zEG(n-2, l), or weG(n-2,O) appears in one and only one OxO,Oyl, 1~0, or lwl 
respectively of some Q;, i + 1 (n). If u is of the form (ii), then it will have been constructed 
in the manner of Lemma 4 as vertex in Q”(n +2,4) because each vertex 
xEG(n-2,2),yEG(n-2,3),zEG(n-2,3), or w~G(n-2,4) appears in one and only 
one 1x1, Oyl, 1~0, or OwO respectively of Q(n, 4). 
Finally note that Q(n + 2,4) as constructed satisfies Property C because Q”(n + 2,4) 
and each Qi,i+ 1 (n + 2) does, and the removal of the edges (a, b) and (a’, b’) as indicated 
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does not break any of the partition sets needed to statisfy Property C. This completes 
the proof of Lemma 6. 0 
The general inductive step of the proof of Theorem 1 assumes that Hamiltonian 
circuits Q(n - 2, k - 2) and Q(n - 2, k) satisfying Property C have been constructed for 
G(n - 2, k - 2) and G(n - 2, k) respectively. By Lemmas 3 and 4 the circuits Q’(n, k) and 
Q”(n, k) satisfying Property C may be constructed from the circuits Q(n - 2, k - 2) and 
Q(n - 2, k) respectively. Lemma 7 follows. 
Lemma 7. The concatenution of’ the lists of’ the vertices of‘ the circuits Q’(n, k) and 
Q”(n, k) as constructed above includes every vertex of’ G(n, k) once and only once. 
Proof of Lemma 7. First note that each vertex v of G(n, k) is either of the form 
(i) 0~011,0~101,0x110,0y111,1y110,1y101,12011,1w111 
or of the form 
(ii) ~x~OO,~XO~O,~XOO~,O~~OO,O~O~O,O~OO~,~~OOO,O~OOO. 
If 2: is of the form (i), then it will have been constructed in the manner of 
Lemma 3 as a vertex in Q’(n,k) once and only once because each vertex 
xEG(n-4,k-2),yEG(n-4,k-3),zEG(n-4,k-3), or wEG(n-4,k-4) appears in 
one and only one 0x0, Oyl, 1~0, or I wl respectively of Q(n - 2, k - 2). If v is of form (ii), 
then it will have been constructed in the manner of Lemma 4 as a vertex in Q”(n, k) 
once and only once because each vertex x~G(n-4,k-2),y~G(n-4,k-l), 
ZE G(n-4,k-1), or wEG(n-4,k) appears in one and only one 1.~1, lyl, 1~0, or OwO 
respectively of Q(n - 2, k). Therefore, every vertex of G(n, k) appears in one and only 
one of Q’(n, k) and Q”(n, k). 0 
Lemma 8 completes the general inductive hypothesis of Theorem 1. 
Lemma 8. Q’(n, k) and Q”(n, k) as previously constructed may hejoined together to make 
a Hamiltonian circuit Q(n, k) for G(n, k) satisfying Property C as indicated by Fig. 6. 
Q’hk) Q”(n,k) 
Fig. 6 
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Q(4.1) Q(4.3) 
5 
Q’(6 3) 
- 
h’ 
a’ 
1 
- 
100011 
010011 
010101 
010110 
001110 
001101 
001011 
000111 
100110 
100101 
Q”(63) 
1 111000 
;: 
I 
I 
1 - 
110100 
110010 
110001 
101001 
101010 
101100 
011100 
011010 
011001 
Q(6.3) 
a’ 010101 
010110 
001110 
001101 
001011 
000111 
100110 
100101 
100011 
h’ 010011 
h 110010 
110001 
101001 
101010 
101100 
011100 
011010 
011001 
111000 
a 110100 
Fig. I. 
Proof of Lemma 8. A Hamiltonian circuit for G(n, k) will be constructed by removing 
the edges (a, b) and (a’,b’) from Q”(n,k) and Q’(n,k) respectively and concatenating 
Q”(n, k)-(a, b) to (a, a’) and this to Q’(n, k)-(a’, b’) and this result to (b’, h). The 
resulting circuit will satisfy Property C and this will allow an iteration of the process 
to construct further such Hamiltonian circuits. 
Note that one may select two consecutive vertices of the form 0 ... 011 and 0 ... 101 
from inserts 1 or 2 used in the construction of Q(n, k). By exchanging the values in the 
first and last coordinate positions in each of these, the result is the vertices 1 ... 010 
and 1 ... 100 from inserts 7 or 8 in Q”(n, k). If 1 ... 010 and 1 ... 100 are consecutive in 
Q”(n,k), then 1 . ..OlO.l . . . lOO,O~~.Oll, and O... 101 may be taken as the vertices 
a, h, a’, and h’ of Fig. 6 and so used as the vertices at which Q”(n, k) and Q’(n, k) are 
joined to construct Q(n, k). This is illustrated in Fig. 7 for the construction of Q(6,3). 
The vertical lines to the left of Q(4,l) and Q(4,3) show the partitions of their vertices. 
The numbers to the left of the lines are the numbers of the corresponding inserts. The 
vertical lines to the left of Q’(6,3) and Q”(6,3) group the vertices of the inserts. The 
vertices a, a’, h, and b’ denote where the circuits Q’(6,3) and Q”(6,3) are broken to be 
joined together to form Q(6,3). 
Note that the only situation in which 0 ... 011 and 0 ... 101 are not consecutive is 
when they appear as one of three such pairs in insert 2 and the only situation in which 
1 . ..OlO and 1 ... 100 are not consecutive in Q”(n, k) is when they appear as one of 
three such pairs in insert 8. There are therefore at least twice as many instances in 
which each of the two types of pairs are consecutive as there are instances in which 
they are not. Because the pairs of the form 0 . ..Oll and 0 ... 101 in Q”(n, k) are in one 
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to one correspondence with the pairs of the form 1 ... 010 and 1 ... 100 in Q”(n,k), 
there must be two such pairs, one each from Q”(n, k) and Q’(n, k), both of which consist 
of consecutive vertices and one pair of which can be transformed into the other by 
exchanging the first and last coordinates values. Note that joining Q”(n, k) and Q’(n, k) 
preserves Property C because the vertices at the join are pairs of the form 0 ... 1 and 
1 . ..o. 0 
Lemma 8 completes the proof of the general inductive step and so the proof of 
Theorem 1. 
4. Necessary and sufficient conditions for a Hamiltonian path to exist in G(n, k) 
The following theorem characterizes the cases in which a Hamiltonian path exists in 
G(n, k). 
Theorem 2. The graph G(n, k) has a Hamiltonian path if and only if’ n and k are not both 
even. 
Proof of Theorem 2. The fact that n and k not both being even is a necessary condition 
for the existence of a Hamiltonian path in G(n, k) is given by Lemma 1. Because 
a Hamiltonian circuit is also a Hamiltonian path, Theorem 1 shows the existence of 
Hamiltonian paths for all cases except where n and k are both even or n 3 7 is odd and 
k = 2 or n - 2. This leaves only the existence of a Hamiltonian path in G(n, k) for the 
cases where n > 7 is odd and k = 2 or n - 2 remaining to be proven. 
As in the proof of Theorem 1, let Qi,i+ 1(n) with i even denote a list of all vertices of 
G(n, 2) which are such that the two ones are separated by i or i+ 1 zeros. Assume that 
Qi,i+ I(n) has been constructed and begins with the vertex 110 ... 0 if i=O or the vertex 
((i/2)+1) zeros lO...Ol((i/2)-1) zeros otherwise, and ends with the vertex ((i/2) + 1) 
zeros 10 ... 01 (i/2) zeros. Then, if Q. 1+2,i+3(n) exists, it may be constructed beginning 
with the vertex ((i/2)+2) zeros 10 . ..Ol (i/2) zeros and ending with the vertex ((i/2)+2) 
zeros 10 ... 01 ((i/2)+ 1) zeros. Because one wants to list each vertex of G(n, 2) once and 
only once and because Qi, i+ 1(n) = Qj,j+ 1 (n), where j = n - 3 - i, one must select only 
one such list QW, w + r (n), say the one where w is the smaller of i and j. As in the proof of 
Theorem 1, the largest value assumed by i is k = 2L (n - 3)/4 J and Qk,k+ 1 (n) therefore 
ends with the vertex (/_ (n-3)/4 _I+ 1) zeros lO...OlL (n-3)/4 J zeros. 
Note that, by the preceding constructions, each Qi,i+l(n) ends with a vertex which 
differs by one adjacent interchange from the first vertex of Qi+z,i+z if this exists. 
Therefore, one can construct a Hamiltonian path p for G(n,2) by concatenating the 
paths 
Qo, lW, Qz, 3(n), ., Qzt(.- 3)/4d,2t(n-3)/4j+ l(n) 
Hamiltonian circuits 165 
1100000 0011000 0000110 100000 1 1001000 0010010 
1010000 0010100 0000101 0100001 1000100 
0110000 0001100 0000011 0010001 0100100 
0101000 0001010 10ooo10 0001001 0100010 
Fig. 8 
in order, completing the proof of Theorem 2. Fig. 8 gives this last construction for 
G(7,2). 0 
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